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IS NEWMARK

METHOD

CONSERVATIVE?

Mohsen Beikae
Metropolitan Water District of Southern California
Los Angeles, California -USA-90012

ABSTRACT
Newmark method is a commonly accepted practice in geotechnical earthquake engineering to estimate seismically induced
displacement of earth structures. The method currently requires performing a series of analyses using multiple computer programs to
1) identify a potential sliding mass, 2) compute a factor of safety, 3) calculate a yield acceleration, and 4) perform a double integration
of that portion of a given horizontal acceleration history that exceeds the yield acceleration. The Newmark method provides
satisfactory results for a horizontal sliding surface. However, for an inclined sliding surface the result is unconservative and for a nonplanar one is not clear. To avoid the problems and to facilitate the Newmark method a numerical technique was developed and a
computer program was written to carry out the analysis. A single analysis determines a two-dimensional pattern of seismically
induced displacement due to given earthquake motions. Results of analyses for three examples are given to demonstrate the
comparison between the new method and the Newmark method.
INTRODUCTION
The calculation of large deformations induce by an earthquake
is an increasingly important consideration in seismic analysis
and design of new embankments and seismic performance
assessment of existing embankments and natural slopes.
Newmark method is a commonly accepted practice in
geotechnical earthquake engineering to estimate seismically
induced displacement of earth structures and natural slopes.
To apply the method, one needs to I) identify a potential
sliding mass, 2) compute a global factor of safety, 3) calculate
the yield acceleration coefficient (k,), and 3) perform double
integration of the portion of a given horizontal acceleration
time history that exceeds the yield acceleration (k,.g). In the
method, the whole moving mass is assumed to move as a
single rigid body with resistance mobilized along the sliding
surface (Newmark, 1965). Thus, the mass is idealized as a
rigid block and the slip surface, irrespective of its shape, is
represented by an inclined plane. The resistance to sliding is
modeled by a yield acceleration, which is calculated based on
the initial geometry and weight of the potential moving mass
and material properties at the shear surf&e. The yield
acceleration is a maximum sustained horizontal acceleration at
which a potential failure block would develop a factor of
safety of one.
Figure 1 shows four cases fiequcntly encountered in the
geotechnical practice. Case 1 represents a tailings dam that
may slide on a horizontal shear surface. Case 2 represents an
entire dam and its foundation between the fissures that may
slide along a horizontal weak surface. Case 3 represents a
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natural slope that may fail on an inclined plane. Case 4
represents a potential sliding mass that may slide on a nonplanar surface. Cases 2, 3 and 4 are taken from Newmark
(1965). The k, values for Cases 1, 2, and 3 are calculated by
satisfying both the horizontal and vertical force equilibrium.
Except that in Case 3, the vertical component of the block
acceleration is ignored (Goodman and Seed, 1966). Due to a
complex geometry, the k,, for Case 4 is generally calculated
using the available slope stability computer programs.
As shown in Fig. 1, the state-of-practice assumes that the
block moves on a horizontal sliding surface subject to a given
horizontal motion. Although the shear surface may be inclined
or non-planar surface, it is still assumes that the sliding surface
is horizontal. However, the inclination or the non-planar shape
of the sliding surface is implicitly reflected in the calculation
of the yield acceleration. The kY value may degrade due to
displacement, reversal of displacement, and excess pore water
pressure in the shear zone or increase due to the geometry of
the moving mass during the earthquake. For more realistic
results, the degradation or improvement of k, value with time
should be incorporated in the Newmark method. Newmark

(1966),providedboththe equation
of motionanda closed
form solution for the block displacement (6) relative to the
base due to a horizontal single pulse, as shown in Fig. 1.
Figure 2 presents Case 3, which shows the potential moving
mass sliding on an inclined surface subject to a horizontal base
motion. The inclined plane is parallel to the basal slip surface.
Goodman and seed (1966) provided the equation of motion
for a block moving downslope due to a horizontal base
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Fig. 1. Schematic diagram of Newmark methodology for four cases encountered in practice.
inclined surface than on a horizontal
one. Figure 3 shows
variations of S*/6 with the inclination of slip surface and the
friction angle. Similar reasoning may exist for a non-planar
shear surface. Since a closed form solution for a non-planar
shear surface is not available, a computer program is required
to explore the seismic response of a potential sliding mass on a
non-planar surface as discussed in the next section.

acceleration. Based on the equation, a closed form solution
was derived for the horizontal block movement (6*) sliding on
a tiictional materials due to a horizontal single pulse, as shown
on Fig. 2. Comparison
between results shown on Figures 1
and 2 indicate that for a horizontal sliding surface the ky is
constant during the entire motion. However, for an inchned
one, the kY decreases during the pulse then increases after that.
This indicates that for a given horizontal ground motion the
horizontal and vertical accelerations of a potential sliding
block are synchronized and operate on the block in unison. As
a result, every thing being equal, the block moves more on an

The Newmark method, therefore, provides satisfactory results
for blocks moving on horizontal sliding surfaces. However,
for an inclined sliding surface the result is unconservative and
8

I.2

Potential

r

a

ii, = k,,,.g
?

= g cos2cx

(tamp

- tana)

(1 - k,

? = g cos a sin a (1 + tamp tana)
6’= k, g T2 cos’ a (k,/

tan(q

tana)

(k, - tan(q-a))

-a) - 1) (1 + tan a tanq)

/2
0

6*/s= cos2

a

(k,/

tan(cp -a) - 1) (1 + tan a tanq)/(k,/

tan cp - 1)

0

1

2

3
Time

4
5
(seconds)

6

7

8

Fig, 2. Schematic diagram of Newmark methodology for Case 2.
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for a non-planar one it is not clear. In addition, application of
Newmark method currently requires performing a series of
analyses using multiple computer programs: one to calculate
the global factor of safety, one to calculate the ky value, and
one for calculating the relative deformation of the block with
respect to the base using step-by-step double integration
procedure. To avoid the above problems and to facilitate the
Newmark method a numerical technique was developed and a
computer program was written to carry out the analysis. A
single analysis determines a twedimensional
pattern of
seismically induced displacement due to gravity, hydrostatic
forces, and base motions. The numerical technique is first
discussed, and then results of analyses for a few example
slopes are given to demonstrate the comparison between this
technique and the Newmark method.
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simplicity only spring elements are shown in Fig. 4. The grid
spacing and node spacing determine the ability to resolve fine
details of deformations.
In general the smaller is the grid
spacing and the node spacing the better is the accuracy of
results.
The analysis consists of two parts: 1) turn-on gravity analysis
to compute local factors of safety, initial interslice and base
forces due to gravity and hydrostatic forces and 2) dynamic
analysis to compute seismic responses and displacements due
to the simultaneous effects of gravity, hydrostatic forces, and
earthquake motions. In Part 1, the drained strength parameters
are used for all materials. However, the shear strengths of
those materials that are expected to behave in undrained
conditions during earthquake shaking are used in Part 2.
During Part 1, the basal surface (nodes) is fixed and the
gravity and hydrostatic loads are turned-on gradually. As such,
the slices in the potential sliding block start moving and
interacting both with their neighboring slices and the basal
surface. If the global factor of safety is greater than or equal to
one, the potential sliding block will quickly become stable.
Otherwise, the block keeps moving downhill until it achieves
a minimum potential energy and becomes stable. At the end of
Part 1, the program computes local factors of safety by
dividing the shear strength by that of shear force at the base of
each slice. If it is required, Part 2 is started automatically. In
this part, the basal surf&e, subject to two components of an
input motion, starts moving and inducing basal contact forces
on the slices, and the slices generate side forces between
themselves.

50

A computer program DSLOPE was developed to carry out the
Newmark analysis (Beikae, 2000). DSLOPE uses the
Lagrangian formulation of momentum equations, representing
Newton’s second law of motion. The Lagrangian formulation
inherently takes into account the mass conservation law and
allows soil slices with fixed masses to translate, compress,
expand, and distort in space. The equations of motion are cast
into a discrete algebraic form that is solved at the center of
gravity of each slice. The key mathematical basis and the
numerical implementation of the program are briefly presented

At each time step, during both Part 1 and Part 2, the
incremental x and z deformations for a given contact are
computed from the incremental x and z deformations at the
contact. These incremental deformations are then resolved into
shear and normal deformations. The new incremental shear and
normal forces are calculated 6om the force-deformation
relationships, discussed below, and then added to the old forces.
These forces are subject to the lower and upper bound conditions
shown in Figure 4. These forces are then resolved into equivalent
x and z forces and finally added to the other x and z forces acting
on each grid point. Thus, forces built up on each slice are
calculated. Then, Newton’s second law is invoked to compute
the slice accelerations. The accelerations are then numerically
integrated to get velocities and integrated once again to get
deformations. With this new set of deformations the
calculation cycle is repeated. As time proceeds, dynamic
equilibrium of the sliding
mass
is developed
naturally
satisfying
both force equilibrium
and displacement

in thefollowingsections.

compatibility.This is carriedout with no prior assumptions

Slope Angle

of Inclined

Surface
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Fig. 3. Variation of normalized displacements with slope
inclination andfriction angle due to a single pulse.

METHODOLOGY

Numerical Solution Process. In this technique, the specified
potential sliding mass is divided into an array of slices and the
basal slip surface by an assemblage of elements and nodes, as
shown in Fig. 4. Tbe mass of a slice is allocated to a grid point
located at its center of gravity. Each grid or node represents two
degrees of freedom, one horizontally and one vertically. Each
grid point is connected to its adjacent grid points and a basal
element via “spring” and “dashpot” elements. For clarity and
Paper No. 5.16

regarding the critical direction of movement to be considered,
and no need to perform multiple computer analyses to get first
yield acceleration and then seismically induced deformation
using double integration process.
Time Step. The method assumes that, in one time step, a given
grid point can not communicate with its neighbors. Suppose the
shortest of such time steps is designated as the critical time step,
and suppose a slope, shown on Fig. 4, is modeled by a series of
3
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Fig. 4. Schematic diagram for DSLOPE analysis methoablo~.
grid points connected by springs. In such a system, the critical
time step is controlled by the fundamental period of a grid point.
To achieve a stable solution, the time step used in the method
must be smaller than the critical time step, which is proportional
to the square root of the mass of the grid point divided by the
stifiess of the grid point.
Initial and Boundarv Conditions. The initial conditions normally
consist of a specified initial geometry of grid points and nodal
points having zero deformations, velocities, and accelerations at
the beginning. The boundary conditions include zero
accelerations, fixed accelerations, or acceleration histories as
well as hydrostatic forces at the grid points.
Material Properties. Each slice and element is characterized by
attributes that are relatively easily obtainable, geometry, total
unit weight, drained and undrained shear strength, small strain
shear modulus and bulk modulus.
Force-Deformation
Relationships. Any force-deformation
relationship for spring elements can be used in the program.

However,for this studya linearrelationshipis usedas shown
Fig. 4. The value assigned to the spring constant is subject to
two counteracting considerations: 1) keeping the spring
constant relatively low to prevent the time step from becoming
too small (resulting in an analysis that requires too much
computational time), and 2) keeping the spring constant
relatively high to reflect the expected shear and compression
wave velocities in the slope. However, the analysis results are
not sensitive to values of spring constants within a reasonable
range. The force-deformation relationships are also subject to
the following conditions, as shown on Figure 4: I) forces in
Paper No. 5.16

shear springs are less than or equal to available shear
strengths, 2) forces in horizontal normal springs are less than
or equal to available active forces and greater than or equal to
available passive forces, and 3) forces in normal springs at the
base are less than or equal to zero. It is noted that in the force
deformation relationships, normal forces in tension and
compression
are considered positive
and negative,
respectively.
Damping. Certain irreversible processes that convert kinetic
energy to heat should take place between grid points and
nodes. This effect was approximately reflected in the analyses
by allowing some damping in the system. The program
includes two forms of viscous damping: local damping and
global damping. Local damping operates on the relative
velocities between a grid point and its adjacent grid points and
basal element. Global damping operates on the absolute
velocities of the grid point. Local dampings are represented by
dashpots oriented in the shear and normal directions between a
grid point and its adjacent grid points and element.
Similarly,
global dampings are modeled by dashpots connecting grid
points to the inertial reference.

EXAMPLE

PROBLEM

In this section both the Newmark method and DSLOPE analysis
were applied to Cases 1, 3 and 4 of earth structures subject to a
horizontal base motion. The Newmark method needs the yield
acceleration coefficient and an input motion. DSLOPE analysis
requires the geometry, material properties, external forces, and
an input motion. For seismic analysis, Caltech El record
4

(Jennings et al., 1968), with a time step of 0.025 second, was
used as a horizontal input motion, representing a Mw-7 l/2
earthquake with a peak ground acceleration of 1.O g, as shown in
Figures 5, 6 and 7. Both local and global damping coefftcients
were set to zero.
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Figure 5 shows the geometry and material properties for Case 1.
As discussed before, this case represents a tailings dam which
consists of a sandy compacted shell, with very low phreatic
surface, founded on an alluvial foundation. Since the phreatic
surface is low, the entire compacted shell was in a drained
condition during the shaking. As such, the undrained strength
of the alluvial foundation is smaller than the drained strength
of the compacted embankment shell. As a result, the shell
foundation interface was considered as a potential sliding
surface. The tailings material was also considered to IiquefL at
the beginning of the earthquake imposing a heavy fluid pressure
on the upstream face of the dam. Since the sliding was assumed
to occur on a horizontal surface with no material degradations,
the 4 value remains constant during me shaking. ‘Ihe ky value,
calculated based on the equation shown in Fig. 1 and material
properties, was 0.059. Figure 5 shows the results of both the
Newmark method and DSLOPE analysis. The two methods
unanimously indkated that the dam shd about 22 feet
downstream with similar displacement time histories. This is due
to the fact that the dam slid on a horizontal shear surface with no
vertical induced acceleration. Figure 5 also shows the geometry
of the dam before and after the earthquake based on DSLOPE
analysis results, indicating that the compacted shell moved as a
rigid block to the right. As such, both points A (toe) and B (crest)
moved together in unison with the same time history. Thus, no
spreading was occurred and no zone of tensile stress was
developed in the compacted shell during and after shaking. The
same displacement time history was calculated by the Newmark
method, however, the method did not provide any information
regarding the condition of the compacted fill during and after
shaking.
Figure 6 shows the geometry and material properties for Case 3.
As discussed before, this case represents a natural slope failing
on an inclined plane. Since the sliding was assumed to cxxur on
an inclined surt%ce with no material degradations, the ky value
remains constant during the shaking. The kY value, calculated
based on the equation shown in Fig. 1 and material properties,
was 0.15. Figure 6 shows the results of both the Newmark
method and DSLOPE analysis. The two methods indicated that
the block of soil slid downstream with different displacement
time histories. The Newmark
method predicted 7.5 feet
movement, where as the DSLOPE analysis calculated a
maximum displacement of 17 feet. This is due to the bt that the
sliding maxs slid on an inclined surface with some vertical
induced acceleration, which was ignored in the Newmark
method; thus, the method underestimate the movement. Figure 6
also shows the geometry of the sliding mass before and after the
earthquake based on DSLOPE analysis. The results indicate that
the mass moved downhill not as a rigid block but as a stretching
one. As such, points A (toe) and B (crest) slid 17 and 3 feet,
respectively, with two different time histories. As a result, some
spreading was occurred and zones of tensile stresses were
Paper No. 5.16
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Fig. 5. Results ofNewmark method and DSLOPE analysisfor
Case 1.
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Fig. 6. Results of Newmark method and DSLOPE analysis for
Case 3.
5

developed along the entire mass. However, the Newmark
method did not provide any information regarding the condition
of the natural slope during the shaking.
Figure 7 shows the geometry and material properties for Case 4.
As discussed before, this case represents a block of soil sliding
on a logspiral surf&e. Since the sliding was assumed to occur on
a non-planar surface with no material degradations, the ky value
did not remain constant and should have been increased with
deformation during the shaking. However, the initial k,, value,
calculated based on the moment equilibrium around the center of
the logspiral (Beikae, 2000) and material properties, was 0.05.
This was used in the Newmark method during the entire shaking.
Figure 7 shows the results of both the Newmark method and
DSLOPE analysis. The Newmark method predicted a 25-foot
movement, where as the DSLOPE analysis calculated a
maximum displacement of 13 feet. This is due to the fact that the
sliding mass slid on a non-planar surface with some vertical
induced acceleration, which was ignored in the Newmark
method; thus it underestimated the movement. On the other
hand, the ky value was kept constant during the shaking, where
as in reality it should have been increased due to improving
stability of the moving mass; thus, the Newmark method
overestimated the movement. If the above two counteracting
modifications were implemented properly, the Newmark method
would have provided more realistic results. However, in practice
these modifications are not routinely implemented; therefore, the
result for this case is conservative. Figure 7 also shows the
geometry of the sliding mass before and after the earthquake
based on DSLOPE analysis. The results indicate that the mass
slid downhill not as a rigid block but as a stretching mass. As
such, points A (toe) and B (crest) slid 13 and 3 feet, respectively,
with two different time histories. As a resulf some spreading
was occurred and zones of tensile stresseswere developed along
the entire mass. Again the Newmark method did not provide any
information regarding the condition of the sliding block during
the shaking.

SUMMARY AND CONCLUSIONS
The Newmark method and DSLOPE analysis results were used
for example slopes. For Case 1, both methods provided the same
results. However, the Newmrak method provided unconservative
and conservative results for Cases 3 and 4, respectively. The
discrepancies between the results of the two methods are due to
their underlying assumptions. The Nerwmark method I)
idealizes a moving mass as a rigid block on an inclined surface,
2) ignores the vertical component of the block acceleration, 3)
does not automatically improve the 4 value due to increasing
stability of the moving mass or degrade the k, value due to
material degradations, and 4) provides a displacement history for
a block due to only a horizontal base motion. However,
DSLOPE analysis 1) idealizes the moving mass and basal shear
surface as slices on a non-planar surface, 2) automatically takes
into account the available shear strength based on a specified soil
model, 3) constantly develops dynamic equilibrium of the sliding
mass, satisfying both force equilibrium in the horizontal and
vertical directions as well as the displacement compatibility, and

4) provides a twodimensional pattern of slope deformation and
slope conditions due to both the horizontal and vertical base
motions. Generally for a non-horizontal and non-planar shear
surfaces, the Newmark method provides unconservative results,
because of its underlying assumptions. However, DSLOPE
analysis provides realistic results, due to its superb modeling
capability.
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Fig. 7. Results of Newmark method and DSLOPE analysis for
Case 4.
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